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Electron-hole asymmetry present in the band structure of graphene in a higher-order k · p scheme is shown to cause a discrete jump in the orbital susceptibility at zero energy. Trigonal band-warping appearing also in higher orders has no significant influence.
Graphene is attracting much attention because of their intriguing electronic properties associated with the electron motion described by Weyl's equation for a neutrino or the Dirac equation in the relativistic limit. One typical example manifests itself in the orbital susceptibility as a singular delta function at zero energy.
1, 2) Actually, higher-order terms are present in the effective Hamiltonian, causing asymmetry between positive and negative energies, i.e., electron-hole asymmetry, as well as trigonal warping. The purpose of this paper is to study effects of such higher-order k·p terms on the orbital susceptibility.
In a graphene sheet the conduction and valence bands consisting of π orbitals cross at K and K' points of the Brillouin zone, where the Fermi level is located. 3, 4) In the lowest-order k·p scheme, the electron motion near a K point is described by the Hamiltonian:
where σ = (σ x , σ y ) are Pauli matrices,k = (k x ,k y ) = −i∇ are wave-vector operators, and γ is a band parameter, given by γ = ( √ 3/2)aγ 0 with a the lattice constant (2.46 A) and −γ 0 the nearest-neighbor hopping integral (γ 0 ∼ 3 eV). In the presence of magnetic field B perpendicular to the system, we should make replacementk = −i∇ + (e/c )A(r), with ∇×A = B.
When we consider terms of the order of (ka) 2 , we have the following corrections:
where m * and µ * are band parameters and σ z is a Pauli matrix. In a tight-binding model assuming overlapping integral S between nearest-neighbor π orbitals 9) and hopping integral −γ ′ 0 between the next-neighbor orbitals, the parameters are written as
In Eq. (2), the second term, µ * Bσ z , does not represent the real spin-Zeeman energy. It completely disappears for S = 0 and has a role of keeping the n = 0 Landau level at zero energy for S ̸ = 0 and γ
The above Hamiltonian H 1 causes asymmetry between positive and negative energies, i.e., electron-hole asymmetry. The individual values of these parameters are not well-known and have yet to be determined through comparison with experiments. A theoretical analysis of the relative intensity of a bright exciton and a brightened dark exciton in carbon nanotubes in a cross-polarization configuration gave |S ′ | ∼ 0.2, where S ′ is the asymmetry parameter in the absence of a magnetic field, defined by 2 /(2m
10)
Furthermore, trigonal warping also appears in higher orders. The lowest-order correction is written as
where β is a dimensionless parameter of the order of unity (β = 1 in a simplest nearest-neighbor tight-binding model).
8) The so-called family behavior of excitons in carbon nanotubes has been understood by assuming β ≈ 1.
9)
For Landau gauge A = (0, Bx), the wave function and energy of H 0 are written as
with L 2 being the system area, ω B ≡ √ 2γ/l, and
where l is the magnetic length given by √ c /(eB), X is a center coordinate, n is an integer (n = 0, ±1, ±2, · · · ) , and H n (t) is the Hermite polynomial.
To the lowest order in H 1 , the energy shift becomes
with ω c = eB/(m * c). This gives rise to electron-hole asymmetry of the Landau levels. Matrix elements of H 2 are calculated as
To the lowest order, the energy shift is calculated as
which is symmetric between the positive and negative energies.
For the K' point, the effective Hamiltonian is obtained by time-reversal relation H → σ z H * σ z together with B → −B. 11, 12) A similar analysis shows that the energy shifts for the K' point are exactly the same as those for the K point and therefore that the degeneracy between the K and K' points is not lifted even in higher orders.
A textbook procedure to calculated the orbital susceptibility 13) shows that ε 2n does not contribute to the susceptibility. The contribution of ε 1n gives asymmetry between the positive and negative energies, i.e., (15) where f is the Fermi distribution function, sgn(t) is defined in Eq. (9), and g s (= 2) and g v (= 2) are the spin and valley degeneracy, respectively. It may be worth pointing out that in order to discuss a part of the susceptibility independent of energy, or slowly varying in the low-energy region (|ε| < γ 0 ), we have to consider finite width of the π-band and/or the presence of other bands. [14] [15] [16] [17] [18] In ref. 18 , in particular, these effects were properly included, giving certain amount of electron-hole asymmetry, but singularities at zero energy obtained above were not discussed. In the above expression an energy-independent term has been chosen such that χ(+∞)+χ(−∞) = 0.
The electron-hole asymmetry causes a discrete jump ∆χ(0) = χ(+0)−χ(−0) at ε = 0. In terms of the parameters in a tight-binding model, we have Figure 1 shows some examples of the susceptibility for ∆ = 0.5, in the presence of broadening Γ independent of energy. The discrete jump at zero energy is expected to be experimentally observed, although it is certainly much smaller than the singular contribution given by a delta function. The Hamiltonian H = H 0 + H 1 is formally the same as that of a two-dimensional Rashba system 19) when we rotate the spin by π/2, although the relative importance of H 0 and H 1 is opposite. It has been shown that the susceptibility in this system exhibits a discrete jump as well as a delta-function singularity.
20) The jump height in graphene obtained above is also formally the same as that in the Rashba system except for the difference due to the presence of the spin and valley degeneracy. In the Rashba system, the susceptibility has discontinuity in the energy derivative across zero energy. A jump in the derivative appears also in graphene when effects of H 1 are included up to the second order. However, its amount is quite small as long as H 1 can be treated as a small perturbation.
In conclusion, the electron-hole asymmetry in the band structure, appearing in higher-order k·p scheme, causes a discrete jump in the orbital susceptibility at zero energy in graphene, while the trigonal warping has no significant influence.
